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Abstract 

This paper presents a general existence and uniqueness result for the mean field games 
equations on a graph (C/-MFG). In particular, our setting allows to take into account con- 
gestion effects as those initially evoked in [16] in a continuous framework or even non-local 
forms of congestion. These general congestion effects are particularly relevant in graphs in 
which the cost to move from on node to another may for instance depend on the proportion 
of players in both the source node and the target node. Existence is proved using a priori 
estimates. Uniqueness is obtained through the usual algebraic manipulations initially pro- 
posed in [H], or [16] in the case of congestion, and we propose a new criterion to ensure 
uniqueness that allows for hamiltonian functions with a more complex structure. 

Introduction 

Mean field games have been introduced in 2006 by J.-M. Lasry and P.-L. Lions |13lll4t [T5] as 
the limit of some stochastic differential games when the number of players increased toward 
infinity. 

Since then, many applications of mean field games have been proposed, particularly in eco- 
nomics (see for instance [7] , [TT] , or [12] ) and an important effort has been made to solve the 
partial differential equations associated to mean field games when both time and the state 
space are continuous (see PQ, [2], [ID], [12], etc). 

In this paper, we consider, as in [9], a mean field game on a graph and we prove the existence 
and uniqueness of a solution to the discrete counterpart of the usual MFG equations. Our 
setting is more general than the one developed in [9] and allows for non-local congestion 
effects. In other words, hamiltonian functions are very general and depend on the whole 
distribution of the players' position on the graph. Our existence result is obtained by a 
Schauder fixed point theorem and the uniqueness result takes the form of an algebraic con- 
dition to ensure the positiveness of a matrix. 

In the first section, we introduce the £/-MFG equations in the case of a graph with con- 
gestion effects. In section 2, we prove the existence of a solution to the Q-MFG equations 
using a priori bounds obtained through a comparison principle. In section 3, we provide a 
condition to ensure uniqueness of this solution. 
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1 Mean field games 



We consider a directed graph Q whose nodes are indexed by integers from 1 to N . For each 
node i G A/" = {1, . . . , N} we introduce V{i) C J\f\{i\ the set of nodes j for which a directed 
edge exists from i to j. The cardinal of this set is denoted di and called the out-degree of 
the node i. Reciprocally, we denote V~^{i) C J\f\ {i} the set of nodes j for which a directed 
edge exists from j to i. 

This graph G is going to be the state space of our mean field game and we suppose that 
there is a continuum of anonymous and identical players of size 

Instantaneous transition probabilities at time t are described by a collection of functions 
Xt{i, •) : V(i) M+ (for each node i € M). 

Then, the distribution of the players' position on the graph Q is given by a function t i— )• 
m{t) = {m{t,l),. . . ,m{t,N)). 

Each player is able to decide on the values of the transition probabilities at time t, up to cost, 
and we assume that the instantaneous payoff of a player is given by (Aij)jgv(i)) "t-) if 

he is in position i, if he sets the value of X{i,j) to Ajj (for all j G V(i)), and if the distribution 
of the players' position is m. 

This framework generalizes what was done in [9J in which C was of the form: 

Here, we allow for more general forms and we have in mind applications to congestion. In 
such cases, the price to pay to move from one particular node to another depends on the 
distribution of the players in a non-additive way. 

The assumptions made on the functions C{i,-,-) are the following: 

• Continuity: Vi G J\f, C{i, •, •) is a continuous function from M'j! x 17 to M where VL C 
is a domain containing Vn = {{xi, ■ ■ ■ , xn) G [0, 1]", '}2,^=i Xi = !}■ 

• Asymptotic super-linearity: Vi G Af,\/m G $7, lim , , "^^^i'^''"'' = +oo. 



Then, we can define the hamiltonian functions: 

Vi G AAjP G M*,m G 17 1-^ ■H(i,p,m) = sup X ■ p - C{i, \,m) 



and we assume that: 

• Vi G Af, 7i{i,-,-) is a continuous function. 



Vi G TV, Vm G 0, ■H(i, •, m) is a function with: 

dn 



{i,p,m) = argmax^^^d.A - p- £(i,A,m) 



Remark: This assumption is satisfied as soon as Vi G M,^m G 17, C{i,-,m) is a 
strongly convex function or if £(i, A, m) = X]j(=v{i) ^(^'i' with each of the func- 

tions C{i,j, -,771) a strictly convex function. 



• Vi G J\f,\/j G V(i), ^{i, ■) is a continuous function. 



"'^To see our setting as the lirait of a finite state space M-player-games as M +oo, one can refer to a paper 
by Diogo Gomes et al. ([6]), justifying our direct passage to a continuum of players. 

2 



Now, let us define the Q-MFG equations associated to the above mean field game with a 
terminal payoff given by functions g{i, •) continuous on Q and an initial distribution mP G Vn- 

Definition 1 (The Q-MFG equations). The Q-MFG equations consist in a system of 2N 
equations, the unknown being t € [0, T] {u{t, 1), . . . , u{t, N),m{t, 1), . . . , m{t, N)). 

The first half of these equations are Hamilton- Jacobi equations and consist in the follow- 
ing system: 

yieM, ^u{t,i)-\-n{i,iu{t,j) -u{t,i))j^v(i),mit,l),...,m{t,N)) =0 

with u{T, i) = g{i, m{t, 1), . . . , m{t, N)). 

The second half of these equations are forward transport equations: 
w ^ ^ r+ ■\ \^ d'H{j,-,'m{t,l),...,m{t,N)) , . 

Edn{i,-,m{t,l),... ,m{t,N)) , . 
^- [{u{t, k) - u{t, i))kev{{)) mit, i) 

jevii) 

with (m(0, 1), . . . , m(0, A^)) = mP. 

In what follows, existence and uniqueness of solutions to the Q-MFG equations are going 
to be tackled. We first start with existence and our proof is based on a Schauder fixed-point 
argument and a priori estimates to obtain compactness. Then we will present a criterion to 
ensure uniqueness of solutions. 

2 Existence of a solution 

For the existence result, we first start with a Lemma stating that, for a fixed m, the N 
Hamilton-Jacobi equations amongst the ^-MFG equations obey a comparison principle: 

Lemma 1 (Comparison principle). Let rn : [0, T] — > Vn be a continuous function. Let 
"u : t G [0, T] {u{t, 1), . . . , u{t, N)) be a function that verifies: 

\Ji G M, -^u{t, i)-n [i, {uit, j) - uit, i)),ev« , mit, 1), . . . , m(t, N)) < 

with u{T, i) < g{i, m{T, 1), . . . , m{T, N)). 

Let V : t £ [0,T] t-^ (t, 1), . . . , v{t, N)) be a function that verifies: 

yieAf, -^vit,i) -n{i,{v{t,j) - v{t,i))j^v^),m{t,l),... ,m{t,N)) >0 

with v{T, i) > g{i, m{T, 1), . . . , m{T, N)). 

Then, G AT, Vi G [0, T] , v{t, i) > u{t, i) . 

Proof: 
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Let us consider for a given e > 0, a point {t*,i*) G [0,r] x A/" such that 

u(t*,i*)-v(t*,i*)-e(T-t*)= max u(t,i) - v(t,i) - e(T - t) 

{t,i)elO,T]xAf 

1ft* G [0,T), then jj {u{t,i*) - v{t,i*) - e{T - t))\^^^, < 0. Also, by definition of (t*, i*), 
Vj G V(i*), u{t*,i*) - v{t*,i*) > u{t*,j) — v{t*,j) and hence, by definition of ^(i*, •, •): 

n (r, iv{f,j) - v{t*,i*))j^y^i.),mif, 1), . . . , m{t*,N)) 

> n (r, - uit*,i*))j^y^i.),m{t*, 1), . . . ,m(r,iv)) 

Combining these inequaUties we get: 

~u{t*,i*) - n (r, {u{t*,j) - u{t*,i*))j^v{i*),m{t*, 1), . . .,m{t*,N)) 

> - ^ (^*' - vit*,i*))j^v{i'),m{f, 1), . . . , m(r, Af)) + e 

But this is in contradiction with the hypotheses on u and v. 

Hence t* =T 8iXLiimaix.(^t i^^^Q j'j^j>^u{t,i) — v{t,i) — e{T—t) < because of the assumptions 
on u{T,i) and v{T,i). 

This being true for any e > 0, we have that max^^ j^gjo.TlxA/" ^(*! ~ v{t,i) < 0. □ 

This lemma allows to provide a bound to any solution u of the AT Hamilton-Jacobi 
equations and this bound is then used to obtain compactness in order to apply Schauder's 
fixed point theorem. 

Proposition 1 (Existence). Under the assumptions made in section 1, there exists a 
solution {u,m) of the Q-MFG equations. 

Proof: 

Let m : [0, T] — Vn be a continuous function. 

Let then consider the solution u : i G [0,T] h-^ {u{t,l), . . . ,u{t, N)) to the Hamilton- 
Jacobi equations: 

yieAf, ^u{t,i) + 'H {i,{u{t,j) - u{t,i))j^v{z),m{tA), ■ ■ ■ ,rn{t,N)) =0 
with u{T, i) = g{i, m{t, 1), . . . , m{t, A)). 

This function is a well defined function with the following bound coming from the 
above lemma: 

sup\\u{-,i)\\oo <sup\\g{i,-)\\oo + T sup \H{i,0,m)\ 
Using this bound and the assumptions on H we can define a function m : [0, T] Vn 

by: 

VzgAT, jMt,i)= Yl Q ^ {{u{t,k)-u{t,j))kev{j))Ht,j) 

sr^ d'H{i,-,m{t,l),... ,m{t,N)) , . 
- 2^ [{u{t,k) - u{t,i))k^-^^i)) m{t,i) 



with (m(0, 1), . . . , m(0, N)) = e Vn- 



^ is bounded, the bounds depending only on the functions g{i, •) and Tiii, •, •), i G Af. 

As a consequence, if we define Q : m £ C{[0,T],Vn) ^ rh £ C{[0,T],Vn), © is a contin- 
uous function (from classical ODEs theory) with 0(C([O, T], "Pjy)) a relatively compact set 
(because of Ascoli's Theorem and the uniform Lipschitz property we just obtained). 

Hence, because C{[0,T],Vn) is convex, by Schauder's fixed point theorem, there exists a 
fixed point m to Q. If we then consider u associated to m by the Hamilton- Jacobi equations 
as above, {u, m) is a solution to the ^-MFG equations. □ 



3 Uniqueness 

Coming now to uniqueness, we use the same algebraic manipulations as in |14^ [T5] or [9] in 
the case of graphs and we obtain a criterion close to the one obtained in [16] but adapted 
to graphs and generalized to non-local congestion. 

Proposition 2 (Uniqueness). Assume that g is such that: 



m = jjL 



N 

y{m,iJ,) eVN X Vn, '^{gii,mi,. . . ^hin) - g{i-,Hi-,- ■ .,fiN)){.'mi - > 

i=l 

Assume that the hamiltonian functions can be written as: 

yi eM,ype M'^%Vm G n,n{i,p,m,) = ncii,p,m) + /(i,m) 

with \/i G M , f{i, •) a continuous function satisfying 

N 

V(m,/i) G Pat X 7^Ar,^(/(i,mi, . . . ,mAr) - /(i,)Ui, . . . ,//Ar))(mi - ^i) > ^> m, = fj. 

i=l 

and yi G J\f, Tidi, •, •) a function with Vj G V{i), ^{i, •, •) a function on M" x J] 
Now, let us define A : {qi, . . . ,qj\f,m,) G Hi^i ^"^^ ^ Vn '-^ j ^ -^N defined 

by: 

aij{qi,m) = --^^{i,qi,m) 



Let us also define, Mi £ M , : {qi,m) G M'^* x Vn \ /^jkili^^)) G M.N,di defined by: 

\ ■' ) j,k ' 



f^'jkiQi^ H = '^i-^ ^ — {i, qi,m) 



Let us also define, Mi £ M , : {qi,rn) G x Vn ^ ( tLCq'm "t-) ) S Mdi,N defined by: 

\ ■' J j,k ' 

YjkiQi^rn) = rui- T^{i, qi,m) 



Let us finally define, Mi G Af, : {qi,m,) G M ' x Vn ^ ) ^ defined by: 



dqijdqik 
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Assume that V(gi, ...,qN,m) G Hili x ^iv- 



f A{qi,. . . ,qN,m) B^{qi,m) ■■■ 
C\qi,m) D\qi,m) 



M{qi, ...,qN,m) 



B^{qN,m)\ 




V C'\qN,m) 







> 



D^{qN,m)J 



Then, if {u,m) and {u,rh) are two solutions of the Q-MFG equations, we have fh = m 
and u = u. 

Proof: 

The proof of this result consists in computing in two different ways the value of 
/•T JV ^ 

^= / y,:n{{^t,i)-u{t,i)){m{t,i)-rh{t,i)))dt 
Jo i^^dt 



We first know directly that 



N 



I = Y^iaih fh{T)) - g{i, rh{T))){fh{T, i) - m{T, i)) 



i=l 



Now, differentiating the product we get, that: 



T N 



^(/(i, m{t)) - fii, mit))){m{t, i) - m{t, i))dt 



1=1 



rT N 



+ [ 5^(m(t,i)-m(t,z)) 
•^0 i=l 



Hcii, {u{t, k)-u{t, i))kev{i)^fn{t))-nc{i, {u{t, k)-u{t, i))kev{i),^{t)) 



dt 



+ / y2iu{t,i)-u{t,i)) 

•^0 i=l 



Q^U, {u{t,k) - u{t,j))kev{j)^rh{t))m{t,j) 



jevii) "^^^ jev-Hi) 



n 



iGV(i) 



dt 



After reordering the terms we get: 

T N 



^(/(z, m{t)) - f{i, m{t))){m{t, i) - m{t, i))dt 



1=1 



m{t,i)) 



•^0 i=l 

+ / Y {{u{t,3)-u{t,j))-{u{t,i)-u{t,i)))—-^{i,{u^^ 



T-Lcii, {u{t, k)-u{t, i))k&;{i),m{t))-'Hc{i, {u{t, k)-u{t, i))kev{i)^fh{t)) 

-U\l,l))) 
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dt 



T N 



^m(t,i) ^ {{u{t,j)-u{t,j))-{u{t,i)-u{t,i)))—-^ [i,{u{t,k) - u{t,i))k^y^i),m{t)) dt 



I.e.: 



I=- y\{f{h fhit)) - fih m{t))){fh{t, i) - m{t, i))dt + J 
•^0 i=l 



where 



Ucii, {u{t, k)-u{t, i))k&v{i)^'rn(t))-'Hc{i, {u{t, k)-u{t, i))fcgv(i)> "^(0) 



J= V - m{t,i)) 

•^0 i=l 

r ^ \ dT-Lc 



dt 



dT-L 

-■mit, i)-Q^ {h {u{t, k) - u{t, i))keV{i),M't)) 



dt 



Now, if we denote u^{t) = u{t) + e{u{t) - u{t)) and mP{t) = m{t) + e{m{t) - rh{t)), then 
we have: 



Jo .^^ Jo 



dn 



N 



dK 



x{{^tJ)-^tJ))-{^t,^)-u{t,^)))+Y,--Q^M, {u\t,k)-u'^{t,i))kev{i),m\t)){m{t,j)-m{t,j)) 



d9dt 



•^0 i=i jev{i) ° L ^-^ 



ZeV{j) 



AT 



x{{u{tj) -u{tJ)) - mt,i) -u{t,i)))dt 
Now, we see that the first group of terms cancels with the third one and we can write J 



as: 



J = r [' Vit)Miiu\t, k)-u\t, l))kev{i), {u'it, k)-u\t, N)%^y^r^^,m'{t))Vitydedt 
Jo Jo 



where 



Vit) = {fhit) - rh{t), i{u{t, k) - u{t, k)) - iuit, 1) - u{t, l)))feev(i), • • • , 
{{u{t, k) - u{t, k)) - {u{t, N) - u{t, Ar)))fegv(7V)) 
Hence J > and we have: 

/ - fii, rh{t))){m{t, i) - m{t, i))dt 

•^0 i=i 



N 

+ Y,{g{i, m{T)) - g{i, m{T))){m{T, i) - m{T, i)) > 

i=l 

Using the hypotheses on / and g we get fh = rh. The comparison principle stated in 
Lemma 1 then brings u = u and the result is proved. □ 
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